The perfectly matched layer (PML) was first introduced by Berenger as a material absorbing boundary condition (ABC) for electromagnetic waves. In this paper, a method is developed to extend the perfectly matched layer to simulating seismic wave propagation in poroelastic media. This nonphysical material is used at the computational edge of a finite-difference algorithm as an ABC to truncate unbounded media. The incorporation of PML in Biot's equations is different from other PML applications in that an additional term involving convolution between displacement and a loss coefficient in the PML region is required. Numerical results show that the PML ABC attenuates the outgoing waves effectively.
INTRODUCTION
Elastic wave propagation in a poroelastic medium is governed by Biot's theory (Biot, 1956a (Biot, , b, 1962a . In a homogeneous medium, analytical solutions for Biot's equations can be obtained easily, but such solutions are in general impossible for an arbitrary heterogeneous medium. Elastic wave propagation in complex poroelastic media is of great interest in geophysics and other branches of applied sciences, such as petroleum engineering, structure mechanics, and seismology. Numerical methods are usually employed to solve these problems. Examples of numerical methods include the finite-difference, finite element, and pseudospectral methods. In this paper, a finite-difference method will be used.
In numerical simulation of wave propagation in an unbounded medium, the imposition of artificial boundaries introduces spurious reflections which will affect the accuracy of numerical solutions. Although the problem can be overcome by increasing the size of the model, it is not always feasible because of the large amount of computer memory required for long-time solutions. It is thus highly desirable to eliminate these reflections by using absorbing boundary conditions (ABCs) when simulating an unbounded medium. Developing an effective and stable ABC is always one of the most important tasks in numerical modeling of wave propagation. Smith (1974) proposed an ABC for finite-difference and finite element methods. In his method, the Dirichlet and Neumann conditions are used alternatively, and the solutions from these two conditions are superimposed. Although easy to implement, this method greatly increases the computation time. A widely used ABC in seismic modeling proposed by Clayton and Engquist (1977) is the one-way wave equation based on the paraxial approximations of the acoustic or elastic equations. Similar approaches were proposed by several authors, including Reynolds (1978) . Although effective for small incidence angles, these absorbing boundary conditions degrade for large angles of incidence. Furthermore, they are known to have instability problem when the Poisson's ratio is greater than 2.0 (Mahrer, 1986; Stacey, 1988) . Another approach is to add a spatial filter or damping taper to the boundaries (Cerjan et al., 1985; Kosloff and Kosloff, 1986) . In this so-called sponge absorber method, the transition zone from the inner region to the outer boundary should be thick and smooth. Liao et al. (1984) developed an ABC based on the principle of plane wave and interpolation. Although effective even for perpendicular inhomogeneous boundary intersecting the absorbing boundary, Liao's ABC requires double precision for stability. In 1994, Berenger proposed a highly effective perfectly matched layer (PML) as an absorbing boundary condition for electromagnetic waves. It has since been widely used for finitedifference and finite element methods (e.g., Chew and Weedon, 1994; Liu, 1997) . Chew and Liu (1996) first proved that such a perfectly matched layer also exists for elastic waves in spite of the coupling of S-and P-waves at an elastic interface. In the continuous limit, the PML has zero reflection to the regular elastic medium, although a small reflection can result from discretization in the PML scheme. Hastings et al. (1996) independently implemented the PML ABC for two-dimensional problems using potentials. The PML ABC has also been extended to model acoustic waves and electromagnetic waves in lossy media (Liu, 1997; Liu and Tao, 1997) as well as electromagnetic and elastic waves in cylindrical and spherical coordinates (Liu, 1999; He and Liu, 1999) .
These previous ABCs, however, have been developed for electromagnetic, acoustic, and elastic waves in solids. Little attention has been paid to elastic waves in porous media. In this work, we extend the PML to truncate unbounded poroelastic media for numerical solutions using a finite-difference method. We adopt the method of complex coordinates (Chew and Weedon, 1994; Liu, 1997; Liu and Tao, 1997) to formulate the PML for poroelastic media. Two-dimensional finitedifference results show the efficiency of the PML ABC.
PROBLEM FORMULATION
Biot's theory for elastic waves in porous media was established on a macroscopic level (Biot, 1956a (Biot, , b, 1962a . The anelastic effects arise from viscous interactions between the fluid and the solid matrix. The following assumptions are used in the theory: (1) seismic wavelength is large in comparison to the pore size, (2) the deformations are small, (3) the liquid phase is continuous, such that pores are connected and the disconnected pores are part of the matrix, (4) the solid matrix is elastic, (5) the medium is statistically isotropic, and (6) gravity forces are neglected. At low frequency, wave propagation in a heterogeneous, porous medium is described by following equations:
where m = aρ f /φ and
In these equations, the parameters describing the physical properties of the medium are as follows: µ = shear modulus of dry porous matrix, λ c = Lame constant of saturated matrix, φ = porosity, η = viscosity, κ = permeability, ρ = the overall density of the saturated medium determined by ρ f φ + (1 − φ)ρ s , ρ s = density of solid material, ρ f = density of fluid, a = tortuosity of the matrix, K s = bulk modulus of the solid, K f = bulk modulus of the fluid, and K b = bulk modulus of the dry porous frame. In equations (1) and (2), i, j = 1, 2, 3; u i is the ith component of the displacement vector of the solid material and w i = φ(U i − u i ) is the ith component of the displacement vector of the pore fluid relative to that of the solid, U i is the displacement vector of the pore fluid, e = ∇ · u is the dilatation for the solid motion, ξ = −∇ · w is the dilatation for the relative motion between the fluid and the solid, and e i j = [(∂u j /∂ x i + ∂u i /∂ x j )/2], is the strain tensor in the porous medium. In Cartesian coordinates, x 1 , x 2 and x 3 are equivalent to x, y and z.
In a two-dimensional X Z plane, equations (1) and (2) can be reorganized as
and
We aim to solve these equations numerically for the displacement fields in an unbounded medium. To this end, we first formulate the PML as the absorbing boundary condition.
Complex coordinates for absorptive media
In order to introduce the PML for seismic waves in absorptive media, equations (1) and (2) will be modified using the complex stretched coordinates. In the frequency domain, the complex coordinate-stretching variable is chosen as
where i = √ −1, a x j ≥ 1 and ω x j ≥ 0. In the PML formulation, the regular coordinate variable x j is replaced by the complex coordinate variablex j . The derivative ∂/∂x j can be expressed in terms of the complex coordinatestretching variables
where a time dependence of e −iωt is implied. In equation (7), for a PML region, the real part a x j is a scaling factor, and the imaginary part ω x j represents a loss in the PML. In a regular non-PML region, a x j = 1 and ω x j = 0. Replacing the spatial derivatives in equations (3)- (6) with those in terms of complex coordinates, we arrive at the frequency domain wave equations for porous medium. In particular, equations (1) and (2) 
The zero reflection of the PML has been proved by Chew and Liu (1996) for elastic media. Their proof was based on the reflection and transmission coefficients at a planar interface between the PML medium and a regular medium. It was later found that this lengthy proof is actually unnecessary (Teixeira and Chew, 1997; Liu, 1999) . This is also true for poroelastic media. Indeed, the fact that the PML has zero reflection to the regular poroelastic medium follows the simple observation that equations (9) and (10) have exactly the same form as the original equations (1) and (2). Thus, the same solutions obtained for the regular media can be mapped to the PML media through a simple analytic continuation of the spatial variables to a complex space. This simple method for the construction of PML equations is especially useful for non-Cartesian coordinates (Teixeira and Chew, 1997; He and Liu, 1999; Liu, 1999) .
Splitting of equations in time domain
Before incorporating the stretching variables, each of equations (3)-(6) is split into three equations, corresponding to three displacement variables. For example, for the horizontal displacement u 1 of solid, we have
Here g represents a function of space. We then transform all equations to the frequency domain with complex coordinates. Applying these schemes to equations (3)- (6), we obtain a total of 12 equations with respect to u 
where e x 1 = i(dω x 1 /dx 1 )/ω. Then we transform all these 12 equations back to the time domain. For example, in the time domain, equation (11) becomes
where R is the inverse transformation of the right side of equation (11) times e
. The multiplication of e x 1 /e x 1 and µ(∂u 1 /∂ x 1 ) in the frequency domain leads to the convolution of these two terms in time domain. Since e x 1 /e x 1 is an exponential function in the time domain, this convolution can be obtained efficiently as follows. Let f (t) represent the inverse Fourier transform of (e x 1 /e x 1 ) µ(∂u 1 /∂ x 1 ). It can be computed via
This requires the storage of u 1 at (n − 1)th and nth time steps only. Similar equations can be obtained for u It is worthwhile to note that these splittings are only necessary inside the PML region. The number of cells in the PML region is about 2m (N x + N z ) , where m is the thickness of the PML region, and N x and N z are the total number of nodes in the x and z directions, respectively. For a large-scale problem, the ratio between this number and the total number of nodes 2m(N x + N z )/N x N z is negligible.
Finite-difference implementation
In the last section, we obtained 12 time-domain equations for 12 split field variables u , which already incorporate the PML boundary condition.In numerical implementation, the time and space are discretized by time step t and node spacing x and z. The unbounded medium is truncated into a finite computational domain with a total of N x × N z grid nodes. Then, the central finite-difference method is applied to each equation to obtain the updated displacement at next time step. In this FD scheme, both spatial and temporal derivatives are obtained by central differencing. Thus, it is an explicit scheme with second-order accuracy both in spatial and temporal domains.
With the PML boundary condition, the computational domain is partitioned into a regular interior region and the boundary PML region. Unfortunately, the stability condition of the finite-difference method for the PML material does not seem to have a closed-form solution. However, numerical experiments suggest that the stability condition is the same as the regular medium when the damping coefficient b = η/κ is negligible.
The absorption of outgoing wave is achieved by the PML region, which consists of several cells of PML materials with a quadratically or linearly tapered profile to increase the attenuation toward the outer boundary. In this paper, 20 cells of PML with a quadratic profile for ω x j are used. So the ω x and ω z have the following forms
where f 0 is the dominant frequency of the source described in the next section, L PML is the thickness of the PML cells, and x i is the distance from the interface between the interior region and PML region. After testing several values for a 0 , we found 1.79 has the best absorption of outgoing waves. The outer boundary conditions for the PML are those for a hard boundary (or alternatively, a soft boundary).
Discussions
The above formulation for the perfectly matched layer is based on the complex coordinates and is a natural extension of our earlier work on PML for acoustic and elastic waves (Chew and Liu, 1996; Liu and Tao, 1997 , Liu, 1998 . The novelty of the PML formulation using the complex coordinates is that the governing equations and the solution forms remain identical to those in the regular coordinates. Therefore, in the continuum, the boundary between a PML material and a regular material is reflection free. (The small reflections in the numerical results are solely due to the discretization and the truncation.)
The fact that the PML is reflection free is fundamentally different from the classical sponge absorbing-boundary method (e.g., Kosloff and Kosloff, 1986) . Although the sponge absorbing-boundary method has been used widely and successfully in many applications, the boundary between a regular material and a sponge absorber is not reflection free even in the continuum limit. Indeed, consider a simple 1-D acoustic case with a constant density ρ and constant acoustic velocity c. At the boundary between such a medium and a sponge absorber half-space with the same density and acoustic velocity, and a constant absorbing parameter γ defined by Kosloff and Kosloff (1986) , it is straightforward to derive the reflection coefficient
, which is nonzero for any nonzero real values of γ . This reflection coefficient decreases as γ decreases, which is the basis for the tapered sponge absorber in most applications. It is worthwhile to note that this particular formulation of the sponge method can be improved for the 1-D case. Indeed, as the perfectly matched condition for the 1-D case requires only the match in impedance, it is quite straightforward to design a sponge layer so that there is no reflection for the 1-D case. This improved sponge method formulation uses partial differential equations:
where p is the pressure field, and v is the particle velocity field. An example of velocity-stress formulation for poroviscoelastic media is given in Carcione (1998) . It is straightforward to show that the reflection coefficient of this sponge layer is zero because of the match in impedance between regular medium and the sponge. However, such reflection-free sponge method formulations are not possible in the multidimensional case, as is well known in seismic modeling. This the major difference between the sponge method and the PML method can also be explained by the difference in the partial differential equations they solve. In particular in the frequency domain, for the special 2-D acoustic case, the sponge method solves (Kosloff and Kosloff, 1986) ρc
whereas the PML method solves
where e x and e y are given by equation (7). Obviously, the anisotropic nature of the attenuation factors (i.e., different ω x and ω y ) is present in the PML method, but not in the sponge method. For the sponge method, the reader is also refered to Carcione et al. (1988) . We argue that the zero reflection coefficient of the PML interface allows a larger attenuation factor in the PML absorber, and thus a more effective absorbing boundary than the classical sponge absorber. Along with this advantage comes the additional cost in terms of the computer memory requirement in the PML formulation. Specifically, within this PML formulation there are 12 split field variables instead of the original four field variables. Fortunately, this increase in the memory is necessary only within the PML cells surrounding the interested domain and is quite negligible for large-scale problems.
NUMERICAL EXAMPLES
We have implemented the finite-difference algorithm with the perfectly matched layers as an absorbing boundary condition for Biot's equations in two-dimensional porous media. Unlike the continuous case, a small reflection will occur at the PML interface due to the discretization and truncation. This reflection is proportional to the contrast in the coordinatestretching variables. Therefore, to minimize the reflection from the PML region, we use a quadratic profile with 20 cells of perfectly matched layers at the computational edge.
In the following examples, a line, pure compressional source is used to excite the seismic wave field. The source time function is the first derivative of the Gaussian function:
where f 0 is the dominant frequency, and t 0 is the central time of the wavelet. A bulk source is used in this paper. The source energy is partitioned linearly between the solid and the fluid phases:
where W f is the weighting factor for the fluid motion, and W s is for the solid motion.
A homogeneous model
A homogeneous model is used to test the effectiveness of the PML ABC. The material properties of the model are listed in Table 1 The spatial and temporal steps are x = z = 1.5 m and t = 0.0001 s. A line monopole source with a dominant frequency of 40 Hz is located at the center of the model. To inspect the reflection from the PML interface, we put one array of receivers along a vertical line running through the source. The waveforms of vertical displacement in solid at nine locations are shown in Figure 1 . In this figure, a reference result without reflection is also shown. This reference result is obtained from a much larger model with Dirichlet boundary in which reflections have not arrived within the time window of interest. Note that the results are normalized with respect to the peak value of the field at the first receiver. Because the fluid is viscous, the slow P-wave is rapidly attenuated as it propagates. We observe no obvious reflections in these waveforms. Figure 2 shows snapshots of the vertical components of the displacement of the solid at 0.04, 0.06, 0.1, and 0.13 s when the damping coefficient b has the realistic value of 10 8 N s/m 4 . In this case the slow wave is diffusive and appears as a static mode at the source location (Zhang, 1999) .
From the above results, it is seen that the PML method provides an effective attenuation to outgoing waves. Numerical experiments also demonstrate that this method is stable as long as t ≤ min( x, z)/ √ 2V max when the damping coefficient b is small. It is also noted that in this example the ratio of V f /V s is 2.46, which is much greater than 2 allowed in other conventional absorbing boundary conditions. We calculated the wave field with Clayton-Engquist (CE) absorbing boundary condition on the same model, and found the method becomes unstable after about 2000 time steps.
A two-layer model
In order to demonstrate the behavior of this algorithm for inhomogeneous media, we test the PML absorbing boundary condition on a two-layer model. In contrast to the homogeneous model, multiwave phases (such as reflected, transmitted, and converted phases) will be present. Some of them are relatively weak compared to the direct wave phases and are very vulnerable to the artificial reflections from the boundaries. Thus, whether these weak wave arrivals can be distinguished determines the effectiveness of the absorbing boundary condition. In this example, we compare the numerical results using PML ABC with those of CE ABC. The geometry of the model is shown in Figure 3 . A line monopole source is located at the center of the model which is in the upper layer. The model parameters are shown in Table 2 .
The snapshot in Figure 4a at t = 0.055 s shows that the solid and fluid particle displacements are in phase for fast P-wave and out of phase for slow P-wave, and the fast P-wave begins to hit the interface. At t = 0.085 s (Figure 4b ), transmitted and reflected wave phases are produced from the fast P-wave. At t = 0.12 s (Figure 4c ), the slow P-wave reaches the interface and produces reflected and transmitted wave phases. Figure 4d shows the wave field at t = 0.18 s. In this figure, a very small reflection occurs from the edge.
FIG.
3. Configuration of the two-layer model. R: receiver, S: source.
In Figures 5 and 6 , we present the synthetic seismograms for this model. The receivers are located along the line running through the source and parallel to the interface. The results from the algorithm with PML ABC are shown in Figure 5 , those with CE ABC are shown in Figure 6 . In order to compare the PML ABC with CE ABC, two snapshots from the method with CE ABC and two from the method with PML ABC are shown together in Figure 7 . Clearly, the PML ABC has a far better performance.
CONCLUSIONS
A finite-difference method combined with the perfectly matched layer (PML) absorbing boundary condition is developed for modeling seismic wave propagation in poroelastic media. Within the boundary region of the computational domain, perfectly matched layers are used to attenuate outgoing seismic waves. The numerical results show that the outgoing waves are effectively absorbed and the reflection is very small. In contrast to some other existing absorbing boundary conditions, this new absorbing boundary condition is stable even when the ratio of the P-wave velocity to S-wave velocity is much greater than 2. Furthermore, since the PML boundary condition is directly incorporated into the wave equations, it can be used in the pseudospectral method. NSF under a CAREER grant ECS-9702195. The authors thank the Associate Editor and two anonymous reviewers for their suggestions to improve the manuscript.
